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On Linear Differential Equations whose Fundamental 
Integrals are the Successive Derivatives of the 

same Function. 

By Thomas Craig. 



I. 

It is kno"wn that having given a linear differential equation of the n th order, 
one of whose fundamental integrals is a function of another, the equation can 
be reduced to one of the order n — 1 . For example, having, given the linear 
differential equation 

d»v , d a - l y , . <?*-*» . , 

*• d^+^c^ +A5H + ' • • +,^ = ' 

of which the fundamental (*. e. linearly independent) integrals are 

f/lt Vi, Vs- --yn) 
then if y ( = q> (t/j) , equation 1 can be reduced to the form 
df-H . dP- % y , d?- 9 y , 

where q lt q % , q s . . . q n _ x are known functions of p 1 , p 2 , p 3 . . . p n . 
Assuming now the equation 

d n ii d" -t « d" — V 

2 - a? + *"*?=* +*»a?=5 + • •'• +M = °» 

having for integrals . <fy dfy d"~V 

** dx'dtf' " da;"- 1 ' 
it is required to find the form of the coefficients p n , p lz . . . p ln . We have to 
start with the following system of equations 

d"y , d»~V . 
10 W +*«»S=i +••-.+!*.* =° 
d n + 1 a> , d n w , , d<p 

d a +V d a + 1 ^> , d*<p 



- 1 da; 2 "- 1 T iu efo 2 "- 2 ~ r ' ' ' ~ Vln dx n ~* ~ 
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Differentiating the first of these and subtracting the result from the second we 
have, using accents to denote differentiation, 

4. 'P'u¥ n - l) + pW n ~ %) + • • • + 2>u* = , 

one integral of which is of course the function <£>. Differentiating now the 
second of equations 3 and subtracting the result from the third, then differen- 
tiating the third and subtracting from the fourth, and so on, we have the 
equations Ai¥ n) + p'n¥ n ~ l) + • • • + Pinfy' =° 

pW n+1) + p'n¥ n) + • • • + P'mV" = 



2-W 2 "- 3 ' + P W in - 4) +...+ P^¥ n ~ %) = o, 
and these are what 4 becomes if we substitute for <p the derivatives 

4>', $>"... $><"- 2 >. 
Equation 4 therefore has all of its integrals derivatives of the same function, 
viz. the integrals are <ty d*f d"~ 2 f 

* ' dx ' dx* ' ' * dx n - 2 * 
Dividing out 4 by p' n and denoting the new coefficients by p' n , p' iS , etc., gives 
the new differential equation 

d* -1 w , , d"- 2 y , , , 

The linearly independent integrals of this being 

we can, as before, form a differential equation of the order n — 2, viz. 

cP l-2 w d n ~ s v 

where 2)33 =:2>23"="P22. etc., the integrals of which are found just as before to be 

d<p cPf d n ~ % <p 

Continuing this process we arrive at the equation of the second degree, 
*V + „' d l + „' „ — o 

the integrals of which are <£ and -p- • Reducing this equation to one of the first 
order we. have dy , p'L-i, n 

u *v jfn — 1,» — 1 

or for brevity, dy 

giving y, = 4>, = e-/W. 
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We have thus determined the complete set of integrals of 2 and consequently 
also of the derived equations 5,6, etc. 

Writing the equation of the second order in the form 

we have for its integrals 

y x = e-hdx t y % — — qe-fadx ) 

where, as before, q = ~- • Substituting these integrals in the equation we 
obtain the identities 

— q 3 — q" + 3qq' + p x q* — ptf —p 2 q=0. 

Multiplying the first of these by — q and subtracting from the second we have 
8. q" + (p 1 -2q)q'=0, 

as the condition to be satisfied by the coefficients of 7, in order that it may have 
the above integrals. The equation is of course only, theoretically, integrable 
when we know p x : and in fact it is obvious that p x must be known, for even if 
we had a differential equation in q independent of p x it would still be necessary 

to know^ in order to find^> 2 from q, ■=.—-. 

The solution of 8 can be obtained in an infinite number of cases. First 
make p x — 2q=z F{x) where F is any functional symbol. We have then 

glving q = cfe-f F( -* )dx dx + C 

and Pi = 2q + F(x) 

Pz =Jp[qdx. 

Similarly we may write p x — 2q — F(q) and obtain values of p t and p % . 
The only practical difficulty in this second assumption is that x will be determined 
directly as a function of q instead of the converse. 

Examples : 

a. q" + (p 1 —2q)q'=0. 

Make p x = q and we have q" — qq' = ; 

assuming q 1 = Q this becomes -— — q = , 



Q = 


2 


» 

2 


q = 




X 


Pi = 




2 

X 


n — 




2 
~x* 
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giving, if we add no constant of integration, 

and finally 

We have therefore 

and 

The differential equation is then 

da? x dx X* ' 

of which the integrals are x and x*. 

b. Making again p x = q we have 

q" — qq' = 

or, if q 1 be replaced by Q, dQ 

dq q " 

C 2 
Integrating and denoting by — the constant of integration, we have 

dy + q*+C* 



dx ' 2 

from which follows n , Cb 

q= O tan — » 

and the equation is readily found to be 

<&y x n l Cx dy C 2 „Cx 

the integrals of which are 



/ Cx\ w 

dy! ~ . Ox / 



2 J 



c. Making pi — 2q the equation is 

^>+2C{l-Cx)^ + C s x(Cx-2)y=0, 
of which the integrals are y Y = e^vr -1 )* 

yi ,= d f^C(Cx-l)eH%->). 
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d. Making p x — 2q = F(x) , assume F{x) = — : then q = O log x + C, and 
the differential equation is 

of which the integrals are 

W = g— (CSeloga— Cte) 



2/2 



^i = — G log a; ^-0* *»•-*>. 



da; 



e. If we write ^(33)= > we find 



da? 



+ («-|)l + (? + T> = " 



2/i = e 



6 



— da; 2 6 



/. For ^(x) = a (a a constant), we have 

--£-e--<»* 

Ui dx a 

p" - 
Writing now as above „ — — q we have q" + (p' n -i, »-i — 2#) </ = 0, 

Pn— l,n— 1 

which determines in the manner indicated 5 and p' n _ 1>n _ 1 . Substitute in the 

equations d% , , % , 

da* 5 ^ ^"~ 1 « "- 1 da; ^ ^*~ 1 ' B y 

^y + W ^ 4- »' ^ - 

da; 3 + iV " 1 ' "- 1 da; 3 ^ <?— *• n da; ' 

the value 2/ = e"~^ diB and we have 

q 3 — 2' — i>«-i, »-i 2 + i>»-i, » = » 
— 2» + 8 92 ' — g" +!>:_! , w -i(? 2 -g')-i>»-i ,»?=o. 
In these j4-i, n-i is already known, so the first one suffices to determine ^_ lin . 
Going one step further back to the equations 

d*y 1 / <&y 1 1 dy , 

dtf+P«-2,n-2^+Pn-2,n-l dx + #.-•. » 2/ - « > 

d*y , d?y , <Py , % . 

da? + ^- a - »- 2 d^ 3 + ^- 2 ' K " x da? + ^—»' * <fo ' 

d? + ^- 2 ' n " 2 da? + i?K - 2 ' "- 1 d>; 8 + ^" 2 - n da? - U ' 
Vol. VIII. 
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we have for y the same value, viz., y = e f qdx , = $, where q is known, there- 
fore for p' n _^ n _ 2 , p'n-a.n-!, #J,_i,» we have 



Pn — i, » — 2 



Pn — 2, » — 1 



Pn — %,n 



<?> lv 
<?> v 

<?>" 
<p'" 

4/" 



¥ 
¥' 



¥ 



-5- Denom. = 



¥ 


<?>' 


$ 


r 


^ 


* 


$* 


r 


¥ 



¥ 4> 



iv 



4> 1V <£'" <£ v 

And so the process is to be continued back to the equation of the n th order, 
of which the general coefficient will be 



Pu = — 



Denom. 



¥ n) 

A (2n_2) , 



2 
(»-2) 






C?> W . . . # 

$ (W+1) . .. <£' 



d/ 2 ™ _3) , 



k(2»-3) 



^0»-l) 



h (»-D 



•<?> 



(»-l) 



4) lZK ~ z) . . . i^™-*' . . . 4> 1 ' 

The only thing at all arbitrary consists in the choice of a value for 
p'n-i,n-i — % in order that the equation 

q"+(p'n-i. n -i-zq)g' 

may be integrated. Parting from the equation of the second order 

all the coefficients p'y up to p u are determined by the solution of sets of linear 

equations, the coefficients of which are known functions of the known quantity q. 

Assume now that the coefficients of the equation of the n th order, viz., 

Pu, Pn, Pis, • • -jPin 
are simply periodic functions of the first kind, having a for their common period. 
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It is known* that such an equation possesses at least one integral which is a 
periodic function of the second kind, and that the multiplier of this function is 
a root of the fundamental equation. If we choose, as we inay,f y x for this 
integral, say y 1 = <p, where q> (x + a) = e<p (x) , then 

dtp d?<p d n ~ 1 f 

dx dx 2 ' ' ' dx n ~~ x 
will all have the same multiplier as <£, so that the roots of the fundamental 
equation will all be equal and be equal to 6. 

It is easy to see that from the form of the integrals of our equation that 
y x , = <p, actually is the integral which is periodic of the second kind. If it were 
not such an integral it would have to be, as is well known, of the form 

Vi = 4u + a^i2 + atyu + . • • + a; n_1 ^i», 
where 4^ is a periodic function of the second kind having a for a period and e 
for a multiplier. All the derivatives of y x would now be of the same form as y x , 
and consequently no integral of the equation could be a periodic function of the 
second kind having a for period and s for multiplier. But there must be one such 
integral : therefore it follows obviously that y x is this integral. 

We have now q" + (p' n -i, n -i — 2 <?) 4 = 

and «/i = <?>, —e~ fqix , 

therefore _1_ df 

f dx " ' 

changing x into cc + u, the left-hand side of this equation remains unaltered, and 
therefore q is a periodic function of the first kind having a for period. Writing 
then p'n-i,«-i— 2q=F(x) 

it follows that F(x) must also be a periodic function of the first kind, having a 
for period, since, from the manner of formation of p' n - 1<n -i this quantity is such 
a function. Assuming then that 

Pll, PlZ • • -Pin, 

are periodic functions of the first kind having a for period, and forming by the 
method above indicated the equation 

«• q" + (P'n-i, n -i —2q)q' = 

it is only necessary to assume for 

P'n-l, n-i— H 

* G. Floquet : Theorie des equations differentielles lineaires a coefficients periodiques. Annales 
de 1'Ecole Normale Superieure, 1883. 

t Vide Floquet's memoir cited above, §8. 



92 Craig : On Linear Differential Equations whose Fundamental 

a periodic function of the first kind having the same period, and then determine 
q, and consequently p' n -\, «-i from a, and jr4-i, * from 

$ i — q'—Pn-l,n-l q+Pn-l,n=0. 

The remaining coefficients p'^ and finally p lk will then be determined as 
above. It is easy to see that the multiplier e is equal to unity. "We have in fact 

<j>(x) = e- f9{x)d ° ! 
<p(x + u) = e<l>(x) = e - M * )d * 
since q (x + a) = q (x) ; 

the right-hand members of these two equations being equal, the left-hand mem- 
bers are also equal, and consequently s = 1 . 

It is easy to see that a similar result holds in the case where the coefficients 
<p n , <p n . . . p ln are doubly-periodic coefficients of the first kind having a and a' 
for periods. 

If $ (x) is an integral, doubly-periodic of the second kind, and having s and 
e 1 for multipliers, *'. e. if ty (x + a) = sty (x) , 

<}>(x + G>') = e><l>(x); 
we have <p (x) = e~^ adx . 

where q (x + a) = q (x + a') = q (x) . And so just as before it is seen that 
s = e' = 1 . 

Differentiating twice the first of equations 3 , and subtracting the result from 
the third, we have, since 

pW n) + pW n ~" + • • • + piny 1 = o , 
9. pW n ~ 1] +Pny {n - 2) + • • • + Ay = o . 

This has for integrals <ty dfy dP— s f 

*' dx ' <h? ' ' •&*=»' Z 
where a has to be determined ; this of course is easily done, since, knowing 
n — 2 of the integrals of an equation of the (n — l) st order we can reduce the 
equation to one of the first order, and so determine the remaining integral. 

Again, differentiating the first of equations 3 three times, and subtracting from 
the fourth, we have, after some simple reductions, 

io. Pny in - 1] + pZy (n ~ %) + • • • + pZy = o , 

of which we know n — 3 integrals, viz. 

dtp cP<p dJ 1 ~*<p 

*' dx~' d?' - ' 'dii*^' 
and which can therefore be reduced to an equation of the second order, which 
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on being integrated will enable us to find the remaining two integrals of the 
equation in question. 

Similarly we find the equation 

j>ii tp- i) +i&!r- %) ■ • ■ +pzy = o 

of which df dfy d?- 5 <p 

*' dx' do? ' " ' dx n ~* 

are integrals, and which can consequently be reduced to an equation of the third 
order ; and pLy^'^ + pky ln ~ %) + • . . + p\ n y = 

of which df dhp d"-*<p 

*' dx' <b?' " dx n ~«' 

and which can consequently be reduced to an equation of the fourth order. 
Finally we come to the equation 

^g-iy—i) + p in- ly.-,, + _ +p&~ l) y = 0, 

of which q> is the only known integral, and which can therefore be only reduced 
to an equation of the order n — 2. The order of these equations may in turn 
be reduced by unity, and so new sets of equations will arise. The consideration 
of these equations will, however, be deferred until later. 



II. 

Equations whose integrals are 



dyl 

dx 


y% • 

d]h 
dx 


• • y* 

di/ a 
dx 


dx 2 


dx % 


d% 
dx 2 


d A ' - Vi 


d k '~% 


#--v. 



dx kl dx H " " " dx K « 

where X x + \ + . . . % a = n . 

We will suppose the quantities 7^, ^ . . . % a arranged in descending order 
of magnitude, or, at least, in case any of them are equal, in such an order 
that no one shall be greater than any preceding one. The differential equation is 
d^y , cfy"- 1 , dP-^y , 
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Taking the integral y x we have the system 

From the first and second of these we obtain as before 

do *%£+*&£ +■■■+*.» =o, 

from the second and third we have 

ft) ,&£* +*t^ + -+A& =o, 

from the third and fourth 

(3i) ^^#+^a? + •■■+**• a£ =0 ' 

and finally 

#"<&»+*.-•+*» do^+^-s + * ' * + ^« W^~ 
These last equations are merely what the first becomes on replacing y x by 

j ' TO" • • • j a -% ' These quantities therefore are all integrals of the equation 

(10 pW n ~ X) +pW n - i) + ■■■+ pLy = o . 

A set of equations similar to A x are to be formed for each of the integrals 
y%> Vz • • • Va j call the general set A«. this is 

d* + P »dx^ + ^dx^ + •■•+*.* =0. 

d n+1 y, , dPi/i , d n ~ 1 y t , , dii, n 

a, asnfi +^a# + ^&^ + ■•■+*«• if =0 - 

d n+K t -x yi dr+*i-*y t | d n + K i- s y t j_ d\~ x y i _ 

dx n + K i- x " i " Pn dx n +h-* ^ Pn rfx M+A «- 3 + * * ' " hi5lB & A <- X ~~ 
From these, as before, we form the system 

(i*) pLtf- 1 + pl*y n r % +---+pLyt =o, 

(2,) ^ +^2/r x +...+Kyi =o- 



ph^ +x *- 2 + ^2^ + ^- s + • • • +pLy^-"= o. 
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Eeferring now to equation (l x ) it is clear from equation (1 4 ) that y 2 , y 3 . . . y a are 
all integrals, and, since X 2 , 2, 3 . . . % a are none of them greater than 7^ and no 
element in this series is greater than any preceding one, it also follows that the 
derivatives of y % , y 3 . . . y a up to the orders /l 2 — 2, ^, 3 — 2 . . . "k a — 2 are the 
remaining integrals. That is, the complete set of integrals of (1[) is 

dy 1 $y x c^-^i 

yi ' dx da? ' * * • dx">- % ' 

dy 2 $y % dh- % y % 



2/«> 



dx da? " dx 

dy^ d?y a j _ _ d*«~*y a 
dx da? ' ' ' dx^- 1 



r I 



or taking the general set of integrals, 

(P ) (!i) ^iiS/r 1 +Pny?-* +-..+pLVi =0, 

(2,) i?n^ +^r J +-..+K2/i =0. 

p[iyt +h i- i + pi,yt + ^- B + •■■ +pLy$*-*=o. 

The first of these is also satisfied by 

2/i. y% • • • 2/<-i> 2/i+i • • • 2/»- 
It is clear from what precedes that the following also satisfy (1^), 

dy 1> dtyi d^~*y x ^ 

dx' da? ' ' ' dx Kl ~* ' 

%?, d% d^~ % y 2 | 

(fa; ' (fa; 2 ' ' ' dec* 2-2 

<%/i-i , <%-i dh-^y 
dx da? ' ' ' dx K i-i~ % 

dy i+ i j d?y i+l d k i+i-*y i+1 ) 
dx da? dx x i+i~ x 

%k, &y* _ d"«-*y a f 
dx da? ' ' ' cfa; A « -1 

will obviously also satisfy (l f ). We have thus the same complete set of integrals 
as before obtained, viz. the known integrals of the derived equation 



The quantities 
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where pit —p[ t -*-ph, are 

dyi d% d^~\j x 

ffl ' dx' da?"" dx**-* ' 



Vi, 



y. 



a ) 



dy lt &y% ^%, 

dx' dx* " ' ' dx**~ 2 ' 
dy a f dfy. m #«-»y. 
dx dx " ' dx x «~ 2 



We have in all these J^ + A* + • • • + ^a — <*> = w — a» known integrals, i. e. 
there remain a — 1 integrals to be determined. It will of course be noticed that 
if for any value of i \ = 1 the corresponding function y t is not an integral of 
the derived equation. Referring now to the system (P t ) : writing as above 

pm — a) Pn _ „(« ptp 

—7 3?t»> —/ Pw, etc. 

P\\ Pw 

this is 

yj— i) +^Vf- 2) +..-+j«y« =0, 
(P*), stf° + *«- 1) +...+jpfiy«'- =.0, 



y (»+\-» +^yi»+*i-» + . . . +jjfi>yi A *-» = 0. 

We have now as is easily seen, for the integrals of the equation 
pa> j«y-« + jpiy- 3) + . . . + rfj'y = , 

the following system, 

^ dx dx 2 * " * <fo A '- 3 ' 

%2 Aa ^ A2_3 :y2 



!/* 



dx dx 2 ' ' ' dx^ 



M-3 ' 



' Vi dx dx 2 "' dx x i~ z ' 



dy^dPy* d^~ 3 y a 
ffa dx dx 2 ' " • dx x «-* ' 

We have thus n — 2a integrals of the equation of order n — 2, leaving 2 (a — 1) 
integrals to be determined. Again we can form a new equation of the degree 
n — 3 of which we know n — 3a integrals and 3 (a — 1) to be determined. This 
process will be continued until n — lea becomes either equal to or less than a . 
If l x = a, 2 . . . /l a then we shall have n — Jca = a as the number of integrals of 
the equation which cannot again be reduced. These will be y lf y % . , . y a . If 



